The physical meaning of instantons is extended to the condensed matter problem of "energy spectrum" for weak-link ring states localized near the minimum energy regions. Under certain circumstances, an improved WKB approximation enables us to find expressions for the decay rates of metastable states, performing the reduction of the original Anderson-Josephson shape to a double-hump structure. Although we have not discussed here the temperature dependence of the Josephson plasma frequency, our calculations are consistent with recent theories for systems at finite temperatures with two metastable states separated by a potential energy barrier.
Introduction
Apart from their intrinsic interest, direct semiclassical (or WKB) quantization schemes yield new insights because there exists a well-known connection between the semiclassical approximation to the original Feynman path-integral and the formal equivalence of Feynman's and Schrodinger's approaches [9, 16] . In the (nonlinear) real form of both approaches, Feynman's and Schriidinger's systems depend basically on A2 rather than A and are ripe for development in h2. In particular, the leading zeroth-and first-order in A terms in the WKB expansion are essentially classical as generated by the usual classical Hamilton-Jacobi equation. In quantum field theory, the perturbation expansions present some analogy with semiclassical expansions generated by a path-integral, and the solutions of the complex classical field 0377-0427/91/$03.50 0 1991 -Elsevier Science Publishers B.V. All rights reserved equations (i.e., for complex field variables), namely instantons, are currently used in many branches of physics [2] .
In another context, the interest in the formation of a natural bridge between WKB and functional-integral approximation has been increasing. This interest seems to be mainly motivated by Langer's fundamental work [20] based upon calculations for the quantum decay rate r/A (or for the quantum decay width r, in quantum field theory) of a metastable (virtual) level in one-dimensional potentials. Although Langer's original treatment appeared to be particularly suited as we approach the top of the barrier, more recently, improved WKB calculations have been extended to near the bottom of the potential well. It would be then pertinent to obtain a closed-form expression for the decay rate of any energy level involving low-lying states, from which the more prominent characteristics of the motion in an unstable potential are reflected. This work illustrates these ideas by studying some aspects concerning the behaviour of a thick superconducting ring containing a weak link constriction (i.e., a SQUID ring) subjected to an external applied flux QX. Assuming the included flux @ in the ring to be a classical quantity, this behaviour is governed by the Anderson-Josephson potential [1, 15] where A is the geometric inductance, Jo = @,/~TA the current associated to the flux quantum a0 = h/2e and J, the critical current amplitude.
Our motivation to adapt path integration to this condensed matter model, which has been successfully studied in field-theoretical contexts involving the dynamics of a simple NambuGoldstone field [12, 29] and a Higgs-type Ginzburg-Landau model [26] , has actually come from its suitability for reducing the original Lagrangian to simpler and more usual Lagrangians in which the WKB approximation works well [13, 14] . To close this section, we would like to point out that in our approximate treatment the results on physical decay amplitudes are consistent with those which are theoretically and empirically suggested in recent literature [5, 7, 11, 17] .
Short-time expansion
The retarded propagator K( aQ, tQ : aA, tA) for tQ -t, > 0, which connects the flux state Qp at the instant tQ and the flux state @A at the instant tA, is given in the Feynman's formulation of the quantum mechanics as where K,(Qj, CJ-1) E K(@j> 2: : @j_1, 0) is a short-time propagator (C = ( tp -tA)/N is small). Since the underlying system is one-dimensional, we may write where C is the effective geometric capacitance. This expression guarantees the formal equivalence between Feynman's and Schriidinger's approach, namely,
I) so that the wave-function in the zeroth-order (classical) approximation is of the form
where D( S,,) is the conventional (U-dependent) WKB determinant which includes the universal normalizing factor, and S,,( @, t) is the classical action.
The dominant contribution to +wKB( @, t) comes from the classical flux trajectory Qccl, which extremalizes the classical action function.
As is known, starting from the propagator K( Qe, tQ : aA, fA), Feynman obtains the classical limit when S,_, > /z.
The quantum probability P(Q, A) connecting two states of the ring, A and Q, is given by 2nA(tQ-4
In order to find a formal expression for P(Q, A), we have introduced elsewhere [8] an equivalence relation which assigns the flux path i[ @( t) + 6(t)] to the pair [Q(t), 6(t)]. Putting (2) and (3) into (6) and changing variables
where 2j is the displacement charge as a function of the rate at which !Dj threads the ring (i.e., roughly 2j = -CQj/e), the quantum probability reads P(Q, A) = (tQ-t,)lim '2n!'Nj...jdg,...dp,_l dqi...dq,_,
Then, we are able to construct an expansion in powers of A*, (10)
P(Q, A) = &(Q, A) + 4(Q,
Our semiclassical approximation, which will be valid as long as it is sufficient to take a few terms in (9) to calculate P(Q, A) with a negligible error, provides an interesting tool for extending the range of applications of Feynman's approach to quantum mechanics.
The instanton approach
Now we shall consider equilibrium total flux in the ring, so that an isothermal representation of the steady-state (XJ/a@ = 0) obeys 
is the classical action. In order to see how the instanton comes about, we make the substitution (Wick transformation)
The propagator (15) becomes (19) and now, the action for the particle of "effective mass" C moving in the potential U( @) is given
scl[@(r)] =plr[;c(~)'+ VW]. (20)
As mentioned above, with regard to the WKB approximation to the contribution to (19) comes from the minima of (20), i.e., for flux paths
It may be verified [28] 
The charge ("momentum") associated with (22) is (24) which is localized about the centre T,,. For Q + cc and 7--+ -cc, from (13) 
(26)
In order to check this result, we will now try to apply the orthodox WKB method. Taking into account the double-hump structure of the potential, the usual WKB penetration integral reads
where (28) is the classical turning point. By assuming that the ground state energy &AGO is much smaller than the height of the barrier, (27) 
The factor (e/T)'12 corresponds to the zeroth-order correction to the barrier penetration factor, exp[ -W2/(2A)], near the bottom of the potential well, i.e., where the harmonic approximation works well. In fact, if one takes within this approximation the square of the ratio of the approximate WKB wave-function for the ground state to the exact harmonic-oscillator wavefunction evaluated deep inside the classically inaccessible region, one gets precisely the value of (30) as pointed out by various authors (see, e.g., [3]).
Decay rates
In this section, we present WKB calculations of the decay rates for the Anderson-Josephson potential (1) confining our attention to well-defined flux values in the ring. Clearly, the complete solvability (i.e., the determination of all eigenfunctions) is not important since the distinctive features of the dynamic decay process are reflected in its behaviour near the top and bottom of the well.
From a purely formal point of view, the decay rate in a metastable domain of a quantum mechanical system may be defined as [18] where H is the Hamiltonian of the system. In the special case of a symmetric double-hump (31) potential U( @) as typified by (13), the quantum decay rate T( E)/h (of the lowest metastable state) near the top of the well is obtained from the expression [25] range of experimental validity [23] . Q uantum flux escape out of both walls of the potential U( @), as a model for the decay of a metastable state of a physical system [27] , begins to play a role if C ("effective mass") decreases, i.e., when the de Broglie wave-length is large enough in comparison with the width of the barrier. Following [25] , in order to find the decay rate r( E,)/A of the kth level in U( @) near the bottom of the well, we may write T(E,) = f2Qo(71uJ1 exp(-&IVZ), k=0,1,2 ,...,
where for the first three levels, a,'(k=0)=(~)1'2=1.08, a,'(k=1)=1.03, cr,'(k=2)=1.02, 
Obviously, for k = 0, (34)-(36) connect the semiclassical approximation to the path-integral formalism with instanton techniques (see (30)).
The rates diagram implied in (34)-(36) is represented in Fig. 2 for the three lower-lying states using the circuit parameters above mentioned. As long as the weak link capacitance increases, the quantum decay rate of the lowest metastable state seems to be independent of C until below lOPi5 F. This value goes into the accessible region for quantum fluxoid transitions in the framework of the harmonic oscillator approximation [8] . It is apparent that quantum flux escape from the k = 1 and 2 levels is favoured by very small values of the capacitance.
Several authors [6, 21, 24] have pointed out the sharp transitions between the two different regimes that are present in the rate diagram of a system at finite temperatures and zero damping [ll] . In their works, the attention is generally focused on an energy barrier with the shape of a quadratic-plus-cubic potential. A perhaps remarkable feature with regard to this widely studied
